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Abstract
Affine quantum gravity, which differs notably from either string
theory or loop quantum gravity, is briefly reviewed. Emphasis in this
article is placed on the use of affine coherent states in this program.
Introduction
Quantum gravity is more difficult than other quantum field theories because
of (i) metric positivity, (ii) partially second-class quantum constraints, and
(iii) perturbative nonrenormalizability, to mention just a few problems. In
this paper we briefly review several of these issues.
Metric positivity
Distinct points in a space-like 3-dimensional manifold have a positive sep-
aration distance. As a consequence the spatial metric gab(x) satisfies the
requirement that uagab(x)u
b > 0 whenever ua is not identically zero. We
insist that the associated quantum operator gˆab(x) also satisfy metric posi-
tivity such that ua gˆab(x)u
b > 0 in the sense of operators for all nonvanishing
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ua. Moreover, we insist that gˆab(x) becomes self adjoint when smeared with a
suitable real test function. In canonical quantization one chooses the canoni-
cal (ADM) momentum piab(x) as the field to promote to an operator, pˆiab(x).
However, since the momentum acts to translate the metric, such a choice is
inconsistent with the preservation of metric positivity. Instead, it is appro-
priate to choose the mixed-valence momentum field piac (x) ≡ piab(x)gbc(x) to
promote to an operator, pˆiac (x). The operator pˆi
a
c (x), along with the operator
for the metric gˆab(x), fulfill the affine commutation relations given (for ~ = 1)
by [1]
[pˆiab (x), pˆi
c
d(y)] =
1
2
i[δcb pˆi
a
d(x)− δad pˆicb(x)] δ(x, y) ,
[gˆab(x), pˆi
c
d(y)] =
1
2
i[δcagˆbd(x) + δ
c
b gˆad(x)] δ(x, y) ,
[gˆab(x), gˆcd(y)] = 0 .
When smeared with real test functions, both pˆiac (x) and gˆab(x) become self-
adjoint operators. The appropriateness of the affine commutation relations
is confirmed by the relation
ei
∫
γa
b
(y) pˆiba(y)d
3y gˆcd(x) e
−i
∫
γa
b
(y) pˆiba(y)d
3y = (eγ(x)/2 )ec gˆef(x) (e
γ(x)/2 )fd ,
which clearly preserves metric positivity.
A representation of the basic kinematical operator fields is encoded in a
choice of affine coherent states defined by
|pi, g〉 ≡ ei
∫
piab(x) gˆab(x) d
3x e−i
∫
γdc (x) pˆi
c
d
(x) d3x |η〉 ,
for all smooth fields pi and γ; the reason for the choice of the ket label will
become clear below. As minimum requirements on the fiducial vector |η〉 we
impose 〈η| pˆicd(x)|η〉 ≡ 0 and 〈η| gˆab(x)|η〉 ≡ g˜ab(x). Here, g˜(x) ≡ {g˜ab(x)} is
a fixed, smooth, positive-definite metric function determined by the choice
of |η〉. The form of g˜(x) determines the topology of the space-like surface
under consideration; if that surface is noncompact, then g˜(x) also determines
its asymptotic nature.
It follows that
〈pi, g| gˆcd(x)|pi, g〉 ≡ gcd(x) ≡ (eγ(x)/2 )ec g˜ef(x) (eγ(x)/2 )fd ,
〈pi, g| pˆiac (x)|pi, g〉 ≡ piac (x) ≡ piab(x)gbc(x) .
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The full specification of |η〉, and thereby of the representation of the affine
field operators, is implicitly given by the form of the overlap function of two
coherent states
〈pi′′, g′′|pi′, g′〉 = exp
[
− 2
∫
b(x) d3x
× ln
(det{1
2
[g′′ab(x) + g′ab(x)] + 1
2
ib(x)−1[pi′′ab(x)− pi′ab(x)]}
{det[g′′ab(x)] det[g′ab(x)]}1/2
)]
.
As is evident, this expression depends only on the six components of gab
rather than the nine components of γab ; thus it is adequate to label the
coherent states by pi, g rather than pi, γ.
As a further general comment about 〈pi′′, g′′|pi′, g′〉 we observe that it
is invariant under general (smooth, invertible) coordinate transformations
x → x = x(x), and we say that the given expression characterizes a diffeo-
morphism covariant realization of the affine field operators. This property
holds, in part, because b(x), restricted so that 0 < b(x) < ∞, transforms
as a scalar density in both places that it appears. Thus b(x), which has the
dimensions of L−3, plays an essential dimensional and transformational role.
It is particularly significant that the coherent state overlap functional also
admits a functional integral formulation given by
〈pi′′, g′′|pi′, g′〉 = lim
ν→∞
N ν
∫
exp[−i∫ gab p˙iab d3x dt]
× exp{−(1/2ν)∫ [b(x)−1gabgcdp˙ibcp˙ida + b(x)gabgcdg˙bcg˙da] d3x dt}
×Πx,tΠa≤b dpiab(x, t) dgab(x, t) .
Observe that this expression involves a continuous-time regularization factor
that already gives it an essentially rigorous definition. A continuous-time
regularization is an alternative to a lattice regularization commonly used to
define such expressions. For further details see [1].
Gravitational constraints
Let us proceed formally in order to see the essence of the quantum con-
straint problem. Suppose that Ha(x) and H(x) represent local self-adjoint
constraint operators for the gravitational field. Standard calculations lead to
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the commutation relations
[Ha(x),Hb(y)] = i[δ,a(x, y)Hb(x)− δ,b(x, y)Ha(x)] ,
[Ha(x),H(y)] = iδ,a(x, y)H(x) ,
[H(x),H(y)] = i 1
2
δ,a(x, y)[ gˆ
ab(x)Hb(x) +Hb(x) gˆab(x) ] .
Based on the last of these expressions one finds that the quantum gravita-
tional constraints are partially second class. As such their treatment causes
additional complications.
The recently developed projection operator method of constraint quanti-
zation [2] is well suited to the quantization of such systems. Briefly stated,
if {Φα}Aα=1 denotes a set of self-adjoint quantum constraint operators, it is
satisfactory to consider the regularized physical Hilbert space Hphys ≡ IEH,
where H denotes the original Hilbert space and IE is a projection operator
which may be defined by
IE(ΣαΦ
2
α ≤ δ(~)2) =
∫
T e−i
∫
λα(t)Φα dtDR(λ) .
Here T denotes the time-ordering operator, {λα(t)}Aα=1, 0 ≤ t < T , denotes a
set of c-number “Lagrange multiplier” functions, andDR(λ) denotes a formal
measure on such functions, which is decidedly not a “flat” measure. Observe
that IE projects onto a small interval of the spectral domain of ΣαΦ
2
α bounded
by zero and δ(~)2. Suitable choices of δ(~)2, and possible limits when δ → 0,
are discussed in [2].
Applied to the gravitational problem, such ideas lead to
〈pi′′, g′′|IE|pi′, g′〉 = lim
ν→∞
N ν
∫
e−i
∫
[gabp˙i
ab+NaHa+NH] d3x dt
× exp{−(1/2ν)∫ [b(x)−1gabgcdp˙ibcp˙ida + b(x)gabgcdg˙bcg˙da] d3x dt}
×
[
Πx,tΠa≤b dpi
ab(x, t) dgab(x, t)
]
DR(Na, N) .
This important formal expression realizes the coherent-state matrix elements
of the desired projection operator, which then represents a quantity that
may be used as a reproducing kernel to define the physical Hilbert space as
a reproducing kernel Hilbert space; see [1].
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Perturbative nonrenormalizability
In order to resolve the problem of perturbative nonrenormalizability, it is im-
portant to understand the cause of such behavior. We claim this behavior can
be understood from the hard-core picture of nonrenormalizable interactions
which we now outline [3].
It is pedagogically useful to first examine singular potentials in quantum
mechanics. In particular, consider the Euclidean-space path integral for a
free particle in the presence of a singular potential given by
Wλ ≡ N
∫ x(T )=x′′
x(0)=x′
e−
1
2
∫
x˙(t)2dt− λ∫ x(t)−4dt Dx .
As λ→ 0+, it appears self evident that Wλ passes to the expression
W0 ≡ N
∫ x(T )=x′′
x(0)=x′
e−
1
2
∫
x˙2(t)dt Dx = 1√
2piT
e−(x
′′−x′)2/2T
appropriate to a free particle. Whatever the dependence of Wλ − W0 on
small λ, it is tacitly assumed that as λ → 0+, Wλ → W0, i.e., that Wλ
is continuously connected to W0. In this case, however, this expectation is
incorrect.
In particular, when λ > 0, the singularity at x = 0 is so strong that
the contribution from all paths that reach or cross the origin is completely
suppressed since
∫
x(t)−4dt = ∞ for such paths. As a consequence, as λ →
0+, it follows that
lim
λ→0+
Wλ = W
′
0 ≡
θ(x′′x′)√
2piT
[
e−(x
′′−x′)2/2T − e−(x′′+x′)2/2T
]
.
Stated otherwise, Wλ is decidedly not continuously connected to the free the-
ory W0, but is instead continuously connected to an alternative theory –
called a pseudofree theory – that accounts for the hard-core effects of the in-
teraction. The interacting theory may well possess a perturbation expansion
about the pseudofree theory, but the interacting theory will not possess any
perturbation expansion about the free theory.
Next consider a scalar field theory and the Euclidean-space functional
integral
Sλ(h) ≡ N
∫
exp{∫ hφdnx− 1
2
∫
[(∇φ)2 +m2φ2]dnx− λ∫ φ4dnx} Dφ
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appropriate to the φ4n model in n spacetime dimensions. We recall for such
expressions that there is a Sobolev-type inequality to the effect that
{∫ φ(x)4dnx}1/2 ≤ K∫ [(∇φ(x))2 +m2φ(x)2]dnx
holds for finite K (e.g., K = 4/3) whenever n ≤ 4, but which fails to hold
(i.e., K =∞) whenever n ≥ 5. Thus for nonrenormalizable interactions φ4n,
for which n ≥ 5, it follows that there are fields φ for which the free action is
finite while the interaction action is infinite. This is the formal criterion for
hard-core behavior.
Lastly we observe that gravity is also a theory for which the free ac-
tion (limited to quadratic terms) does not dominate the interaction action
(remaining terms), and consequently gravity would seem to be a candidate
theory to be understood on the basis of a hard-core interaction. Work in this
direction proceeds.
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